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1. Introduction. 

In 1987 Miyaoka gave a criterion for the semistability of a vector bundle V on a, projec- 
tive curve in terms of the numerical eífectiveness of a suitable divisorial class (the relative 
anticanonical divisor of the projectivization FV oí V). Recently several generahzations of 
this criterion havc bccn formulated [9, 4, 5], deahng with principal bundles, higher dimen- 
sional varieties, and considering also the case of bundles on compact Káhler manifolds. 
In this paper we prove a Miyaoka-type criterion for principal Higgs bundles on complex 
projective manifolds. Let us give a rough anticipation of this result. Given a principal 
Higgs G-bundlc E on a complex projective manifold X, with Higgs field 0, and a parabolic 
subgroup P oí G, we introduce a subscheme yip{E,(f)) oí the total spacc of the bundle E/P 
whose sections parametrize reductions of the structure group G to P that are compatible 
with the Higgs field (p. Then in Theorem 4.6 we prove the equivalence of the following 
conditions: for every reduction of G to a parabolic subgroup P which is compatible with 
the Higgs field, and every dominant character of P, a certain associated line bundle on 
yip{E, 0) is numerically effectivc; {E, 0) is semistable as a principal Higgs bundle, and the 
second Chern class of the adjoint bundle Ad(£') (with real coefficients) vanishcs. We first 
prove this fact whcn X is a curve (so that the condition involving the second Chern class 
is void) and then cxtcnd it to complex projective manifolds of arbitrary dimensión. 

In Section 5 we formúlate an additional equivalent criterion which states that (£ = 
{E,(f)) is semistable, and C2{Ad{E)) = O, if and only if the adjoint Higgs bundle Ad(€) is 
numerically effective (as a Higgs bundle) in a sense that we introduced in a previous paper 
[7]. 

The final Section 6 develops some Tannakian considerations; basically we show the 
equivalence of proving our main theorem 4.6 for principal Higgs bundles or for Higgs 
vector bundles. 

Since a principal Higgs bundle with zero Higgs field is exactly a principal bundle, all 
results we prove in this paper hold true for principal bundles. In this way we mostly recover 
well-known results or some of the results in [4] with their proofs, at other times we provide 
simpler demostrations, while at times the results are altogether new. 

Acknowledgement . This paper has been finalizcd during a visit of both authors at the 
University of Pennsylvania. We thank Upenn for hospitality and support, and the staff and 
the scientists at the Department of Mathematics for providing an enjoyable and productive 
atmosphere. We thank M.S. Narasimhan and Tony Pantev for valuable suggestions. 
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2. SeMISTABLE principal BUNDLES 

In this short section we recall some basics about principal bundles, notably the definition 
of semistable principal bundle (a basic reference about this topic is [3]). Let X be a 
smooth complex projective variety, G a complex reductive algebraic group, and tt: E ^ X 
a principal G-bundle on X. lí p: G ^ Aut(y) is a representation of G as automorphisms 
of a variety Y, we may construct the associated bundle E{p) = E XpY, the quotient of 
E xY under the action of G given by {u,y) i-^ [ug,p{g~^)y) íor g E G. If Y = q is the 
Lie algebra of G, and p is the adjoint action of G on g, one gets the adjoint bundle of E, 
denoted by Ad{E). Another important example is obtained when p is given by a group 
homomorphism X: G ^ G'; in this case the associated bundle E' = E X\ G' is a principal 
G'-bundle. We say that the structure group G oí E has been extended to G'. 

If is a principal G-bundle on X, and F a principal G'-bundle on X, a morphism 
E ^ F is a pair (/, /'), where /' : G — > G' is a group homomorphism, and f : E F is a 
morphism of bundles on X which is /'-equivariant, i.e., f{ug) = f{u)f'{g). Note that this 
induces a vector bundle morphism /: Ad{E) Ad(F) given by f{u,a) = (/(«), (a)), 
where fi'- Q ^ q' is the morphism induced on the Lie algebras. 

If is a closed subgroup of G, a reduction oí the structure group G of i? to is a 
principal ií'-bundle F over X together with an injective fí-equivariant bundle morphism 
F ^ E. Let E{G/K) denote the bundle over X with standard fibre G/K associated to 
E via the natural action of G on the homogeneous space G/K. There is an isomorphism 
E{G/K) ~ E/K oí bundles over X. Moreover, the reductions of the structure group of E 
to K are in a one-to-one correspondence with sections a: X ^ E{G/ K) E/K. 

We first recall the definition of semistable principal bundle when the base variety X is 
a curve. Let Te/k,x be the vertical tangent bundle to the bundle ttk ■ E/K ^ X. 

Definition 2.1. Let E be a principal G-hundle on a smooth connected projective curve 
X . We say that E is semistable if for every proper parabolic subgroup P <Z G, and every 
reduction a: X ^ E/P, the pullback (t*{Te/p,x) ho-s nonnegative degree. 

When X is a higher dimensional variety, the definition must be somewhat refined; the 
introduction of an open dense subset whose complement has codimension at least two 
should be compared with the definition of semistable vector bundle, which involves non- 
locally free subsheaves (which are subbundles exactly on open subsets of this kind) . 
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Definition 2.2. Let X be a polarized smooth projective varietij. A principal G-hundle E 
on X is semistable if and only if for any proper parabolic suhgroup P C G, any open dense 
suhset U C X such that codim(X — U) > 2, and any reduction a: U {E/P)\u of G to 
P on U , one has áega*{TE/p,x) > 0. 

Here it is important that the smoothness of X guarantees that a hne bundle defined on 
an open dense subset of X extends uniquely to the whole oí X, so that we may consistently 
consider its degree. This is discussed in detail in [21]. 

3. Principal Higgs bundles 

We switch now to principal Higgs bundles. Let X be a smooth complex projective 
variety, and G a reductive complex algébrale group. 

Definition 3.1. A principal Higgs G-hundle € is a pair {E,(j)), where E is a principal 
G-hundle, and 4> is a glohal section of Ad{E) flx -^^c/i that [4>, (p] = 0. 

When G is the general linear group, under the Identification Ad{E) ~ End{V), where 
V is the vector bundle corresponding to E, this agrees with the usual definition of Higgs 
vector bundle. 

Definition 3.2. A principal Higgs G-bundle € = {E, 0) is trivial if E is trivial, andcf) — 0. 

A morphism betwecn two principal Higgs bundles € = {E, 0) and = {E' , </)') is a 
principal bundle morphism f : E ^ E' such that (/* x id)(0) = (j)', where Ad{E) 
Ad{E') is the induced morphism betwecn the adjoint bundles. 

Let K he a closed subgroup of G, and a: X E{G/K) ~ E/K a reduction of the 
structure group of E to K. So onc has a principal /í-bundle F^- on X and a principal bundle 
morphism i„: F„ E inducing an injective morphism of bundles Ad{Ffj) Ad(£^). Let 
H,,: Ad{E) ^ {Ad{E) / Ad{Fa)) ¡8) be the induced projection. 

Definition 3.3. A section a: X ^ E/K is a Higgs reduction of {E,(/)) if (p E kerHo-. 

When this happens, the reduced bundle F^. is equipped with a Higgs field 0o- compatible 
with (f) (i.e., (Fo-, (pa) — > {E, (f)) is a morphism of principal Higgs bundles). 
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Remark 3.4. Let us again consider the case whcn G is thc general linear group Gl{n,C), 
and let us assume that K is a, (parabolic) subgroup such that G/K \s the Grassmann 
variety Grfc(C") of A;-dimensional quotients of C". liV is the vector bundle corresponding 
to E, a reduction a oí G to K corresponds to a rank n — k subbundle W of V, and the 
fact that (7 is a Higgs reduction means that W is 0-invariant, i.e., (f){W) dW ® íl^. A 

We want to show that the cholee of singles out a subscheme of the variety E/K, which 
describes the Higgs reductions of the pair {E,(¡)). Let E denote the principal ií-bundle 
E ^ E/K. Since the vertical tangent bundle Te/k,x is the bundle associated to E via the 
adjoint action of K on the quotient g/t, and 7r^Ad(£') is the bundle associated to E via 
the adjoint action of K on 5, there there is a natural morphism 7r^Ad(£^) — Te/k,x- 
Then (f) determines a section x(0) := (x ® id)(7r¿0) of Te/k,x ® ^\;/k- 

Definition 3.5. The scheme of Higgs reductions oí<¿— [E, (p) to K is the closed subscheme 
9íü-((S) of E/K given by the zero locus ofx{(p)- 

This construction is compatible with base change, i.e., if /: y — >^ X is a morphism of 
smooth complex projective varieties, and /*(€) is the puUback of € to Y, then ~ 
Y Xx^k{^)- By construction, a: X ^ E{G / K) c=l E/K isñ, Higgs reduction if and only if 
it takes valúes in the subscheme 91^(6) <ZE¡K. Moreover the scheme of Higgs reductions 
is compatible with morphisms of principal Higgs bundles. This means that if (£ = (i?, 0) 
is a principal Higgs G-bundle, (S' = (i?', 0') a principal Higgs G'-bundle, ^ : G ^ G' is 
a group homomorphism, and / : € ^ is a ^-equivariant morphism of principal Higgs 
bundles, then for every closed subgroup K <Z G the induced morphism E/K — > E' /K', 
where K' = il^iK), maps 9^/^(6) into ^k'{<B')- 

Also, one should note that the scheme of Higgs reductions is in general singular, so 
that in order to consider Higgs bundles on it one needs to use the theory of the de Rham 
complex for arbitrary schemes, as developed by Grothendieck [16]. 

For the time being we restrict our attention to the case when is a curve. We start 
by introducing a notion of semistability for principal Higgs bundles (which is equivalent to 
the one given in Definition 4.6 in [2]). 

Definition 3.6. Let X he a smooth projective curve. A principal Higgs G-bundle € = 
{E, (¡)) is stable (semistable) if for every parabolic subgroup P C G and every Higgs reduction 
a:X^ ÍHp(e) one has dega''{TE/P,x) > O (deg a* {Te / p,x) > 0). 
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Remark 3.7. A notion of semistability for principal Higgs bundles was introduced by Simp- 
son in [22]. According to that definition, a principal Higgs G-bundle í is semistable if there 
exists a faithful linear representation p: G — > Aut(H^) such that that associated Higgs vec- 
tor bundle W — (B XpW is semistable. This is not equivalent to our definition, even in 
the case of ordinary (non-Higgs) principal bundles (in which case of course our definition 
coincides with Ramanathan's classical definition of stability for principal bundles [19]). 
Indeed, according to the definition we adopt, if T is a torus in Gl{n,C), any principal 
T-bundle is stable. However the vector bundle associated to it by the natural inclusión 
T ^ Gl{n, C) (a direct sum of fine bundles) may fail to be semistable. (Note indeed that 
this inclusión, regarded as a linear representation of T, does not satisfy the condition in 
part (ii) of Lemma 4.3.) On the other hand, this is compatible with the Hitchin-Kobayashi 
correspondence for principal bundles, which states that a principal G-bundle E, where G 
is a connected reductive complex group, is stable if and only if it admits a reduction of the 
structure group to the maximal compact subgroup K oí G such that the curvature of the 
unique connection on E compatible with the reduction takes valúes in the centre of the 
Lie algebra ofK [21]. A 

Lemma 3.8. Let f : X' ^ X be a nonconstant morphism of smooth projective curves, and 
(B a principal Higgs G-bundle on X. The pullback Higgs bundle f*<B is semistable if and 
only if (B is. 

Proof. As we shall pro ve in Lemma 4.3 in the case of X of arbitrary dimensión, a principal 
Higgs bundle 6 is semistable if and only if the adjoint Higgs bundle Ad(€) is semistable 
(as a Higgs vector bundle). In view of this result, our claim reduces to the analogous 
statement for Higgs vector bundles, which was proved in [9]. □ 

lí (¿ — [E, (f)) is a principal Higgs G-bundle on X, and ií is a closed subgroup of G, we 
may associate with every character x of ií a line bundle L^^ — E C on E / K , where 
we regard as a principal ií-bundle on E/K. An elegant way to state results about 
reductions is to introduce the notion of slope oí a reduction: we cali fi^, the slope of a 
Higgs reduction a. the group homomorphism //g.: X[K) Q (where '^^{K) is the group of 
characters of K) which to any character x associates the degree of the line bundle (7*(L*). 

The foUowing result extends to Higgs bundles Lemma 2.1 of [19], and its proof foUows 
easily from that of that Lemma. 
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Proposition 3.9. A principal Higgs G-bundle (£ = {E,(j)) is semistable if and only if for 
every parabolic subgroup P <Z G, every nontrivial dominant character x of P, and every 
Higgs reduction a: X 9lp(S), one has f^a{x) ^ O- 

Proof. Let ai, . . . ,ar be simple roots of the Lie algebra q. We may assume that P is a 
maximal parabolic subgroup corresponding to a root a^. It has been proven in [19, Lemma 
2.1] that the determinant of the vertical tangent bundle Te/p,x is associated to the principal 
P-bundle E —>■ E/P via a character that may be expressed as ^ = —mXi, where A.¿ is the 
weight corresponding to a^, and m > 0. Thus, ií a: X — > ÍHp((£) is a Higgs reduction, 



Remark 3.10. By "root" of g we mean a root of the semisimple part of g extended by zero 



We may now state and prove a Miyaoka-type semistability criterion for principal Higgs 
bundles (over projective curves). This generalizes Proposition 2.1 of [4], and, of course, 
Miyaoka's original criterion in [17]. 

Theorem 3.11. A principal Higgs G-bundle € = {E, (p) on a smooth projective curve X is 
semistable if and only if for every parabolic subgroup P d G, and every nontrivial dominant 
character x of P, the Une bundle L* restricted to ÍHp(6) is nef. 

Proof. Assume that € is semistable and that „ , is not nef. Then there is an irreducible 
curve Y C 9íp(€) such that [Y] ■ Ci(L*) < 0. Since x is dominant, the line bundle L* is 
nef when restricted to a fibre of the projection E/P X, so that the curve Y cannot 
be contained in such a fibre. Then Y surjects onto X. One can choose a morphism of 
smooth projective curves h: Y' ^ X such that Y = Y' Xx F is a disjoint unión of smooth 
curves in h*{D\p{(B)), each mapping isomorphically to X. Using Lemma 3.8, in this way 
we may assume that Y is the image of a section a: X ÍHp(€). Proposition 3.9 imples 
that [Y] ■ Ci(L*) > O, but this contradicts our assumption. 

The converse is obvious in view of Proposition 3.9. □ 

Remark 3.12. Let G be the linear group Gl(n, C). If 6 = {E,(f)) is a principal Higgs 
G-bundle, and V is the rank n vector bundle corresponding to E, then the identiñcation 
Ad(£') ~ End(y) makes (f) into a Higgs morphism ^ íor V. A simple calculation shows 
that the semistability of € is equivalent to the semistabihty of the Higgs vector bundle 



deg((7*(L;)) > O if and only if dega*{TE/P,x) > 0. 



□ 



on the centre. 



A 



{v,<í>). 
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If P is such that the quotient G/P is the (n — l)-dimensional projcctivc spacc, the bundle 
E/P \s isomorphic to the projectivization X oí V (regarded as the space whose 

sections classify rank 1 locally-free quotients of V). More generally, let Pk be a maximal 
parabohc subgroup, so that G/ Pk is the Grassmannian of rank k quotient spaces of C" for 
some k. In this case E/P^ is the Grassmann bundle Grfc(V^) of rank k locally free quotients 
of V. Then Theorem 3.11 corresponds to the result given in [9], according to which (V, 0) 
is semistable if and only if certain numerical classes 9k in a closed subscheme of Gr^iV) 
are nef (see [9, 7, 8] for details). A 



4. The higher-dimensional case 

In this section we considcr the case of a base variety X which is a complex projective 
manifold of any dimensión. Let X be equipped with a polarization if , and let G be a 
reductive complex algébrale group. 

Definition 4.1. A principal Higgs G-hundle 6 = {E,(f)) is stable (semistable) if and only 
if for any proper parabolic subgroup P <Z G, any open dense subset U <Z X such that 
codim(X — U)>2, and any Higgs reduction cr: C/ — > 9íp(6)|¡^ of G to P on U, one has 
deg (7* (T£/p,x) >0. 

Remark 4.2. The arguments in the proof of Proposition 3.9 go through also in the higher 
dimensional case, allowing one to show that a principal Higgs G-bundle 6 is semistable 
(according to Definition 4.1) if and only if for any proper parabolic subgroup P C G, any 
nontrivial dominant character x of P, any open dense subset U d X such that codim(X — 
U) > 2, and any Higgs reduction a: U ^ ÍRp{€)^^ oí G to P on U, the line bundle cr*(L*) 
has positive (nonnegative) degree. A 

If € is a principal Higgs G- bundle, we denote by Ad(€) the Higgs vector bundle given 
by the adjoint bundle Ad(£') equipped with the induced Higgs morphism. 

We also introduce the notion of extensión of the structure group for a principal Higgs 
G-bundle ^ = {E, (f)). Given a group homomorphism A: G — > G", we consider the extended 
principal bundle E' . The group G acts on the Lie algebra q' oí G' via the homomorphism 
A (and the adjoint action of G), and the g'-bundle associated to E via the adjoint action 
of G' is isomorphic to Ad(£"). In this way the Higgs field of ^ induces a Higgs field for 
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íB'. More generally, if p: G ^ Aut(V") is a linear representation of G, the Higgs field of <¿ 
induces a Higgs field for the associated vector bundle E XpV. 

It is known that certain extensions of the structure group of a semistable principal bundle 
are still semistable [18], and that a principal bundle is semistable if and only if its adjoint 
bundle is [19]. The same is true in the Higgs case. 

Lemma 4.3. (i) A principal Higgs bundle € is semistable if and only ¿/Ad(6) is semistable 
(as a Higgs vector bundle). 

(ii) A principal Higgs G -bundle € = {E,(f)) is semistable if and only if for every linear 
representation p: G ^ Aut{V) of G such that p{Z{G)o) is contained in the centre of 
Aut{V), the associated Higgs vector bundle ^ — (B XpV is semistable (here Z{G)q is the 
component of the centre of G containing the identity). 

Remark 4.4. Let us at ñrst note that if G is the general linear group Gl{n,C), the first 
claim holds true quite trivially: (B is semistable if and only if the corrcsponding Higgs 
vector bundle 2J is semistable, and one knows that Ad(€) ~ End(2J) is semistable if and 



Proof. The first claim is Lemma 4.7 of [2]. The second claim is proved as in Lemma 1.3 of 



Proposition 4.5. Let X: G G' be a homomorphism of connected reductive algebraic 
groups which maps the connected component of the centre of G into the connected compo- 
nent of the centre of G' . If (B is a semistable principal Higgs G-bundle, and <B' is obtained 
by extending the structure group G to G' by X, then is semistable. 

Proof. By composing the adjoint representation of G' with the homomorphism A we obtain 
a representation p: G ^ Aut(0'); the principal Higgs bundle obtained by extending the 
structure group of € to Aut(0') is the bundle of hnear frames of Ad(€') with its natural 
Higgs field. By Lemma 4.3, this bundle is semistable, so that Ad(6') is semistable as well. 
Again by Lemma 4.3, 6' is semistable. □ 

We can now prove a versión of Miyaoka's semistability criterion which works for principal 
Higgs bundles on projective varieties of any dimensión. 



only if 9J is. 



A 



[1]- 



□ 



Theorem 4.6. Let € be a principal Higgs G-bundle (B — {E,(f)) on X. The following 
conditions are equivalent: 
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(i) for every parabolic subgroup P C G and any nontrivial dominant character x of 

P, the Une bundle L* restricted to ÍHp(€) is numerically ejfective; 
(ü) for every morphism f : C ^ X, where C is a smooth projective curve, the pullback 

f*{€) is semistable; 
(ni) e is semistable and C2{Ad{E)) = O m H^{X,R). 

Proof. Assume that condition (i) holds, and let /: C X be as in the statement. The 
hne bundle L'^ on f*{E)/P given by the character ^ is a puhback of L^. Then -^^|«Hp(/*£) 
is nef, so that by Theorem 3.11, /*(€) is semistable. Thus (i) implies (ii). 

We prove that (ii) implies (iii). Since /*(€) is semistable, by Lemma 4.3, the adjoint 
Higgs bundle Ad(/*(6)) is semistable. By results proved in [7] we have that Ad(6) is 
semistable, and 

A(Ad(E)) = c,{Aám - ^(ci(Ad(E)))^ = 0. 

As G is reductive, we have Ad(£') ~ Ad(£')*, so that ci(Ad(£^)) = O, and the previous 
equation reduces to C2(Ad(£')) = 0. Again using Lemma 4.3, we have that € is semistable. 

Next we prove that (iii) implies (ii). This is proved by reversing the previous arguments: 
Ad(€) is semistable by Lemma 4.3; thus, since C2(Ad(£')) = O, by results in [7] the Higgs 
vector bundle Ad(/*(6)) is semistable, and then /*(€) is semistable by Lemma 4.3. 

Finally, we show that (ii) implies (i). Let G' be a curve in £Hp(6). If it is contained in 
a fibre of the projection TTp: ÍHp(6) — > X, since x is dominant, we have Ci(L*) ■ [G'\ > 0. 
So we may assume that G' is not in a fibre. Moreover, possibly by replacing it with its 
normalization, we may assume it is smooth. The projection of G' to X is a finite cover 
TTp : C" — > C to its image G. We may choose a smooth projective curve G" and a morphism 
h: G" ^ G such that C — G" Xc G' is a, spht unramified cover. Then every sheet Gj of C 
is the image of a section aj of 9íp(/i*€). Since h*€ is semistable by Lemma 3.8, we have 
deg(7*(L*) > O by Lemma 3.9. This implies (i). □ 

Corollary 4.7. Assume that (B = {E, (j)) is a principal Higgs G-bundle, ip: G G' is a sur- 
jective group homomorphism, = {E',(f)') is a principal Higgs G' -bundle, and f : E ^ E' 
is a ip-equivariant morphism of principal Higgs bundles. If (B satisfies one of the conditions 
of Theorem 4-6, so does 

Proof. If P' is a parabolic subgroup of G', then P' — 'ip{P) for a parabohc P in G. If 
x': P' — > C* is a dominant character of P', the composition x = x' o ^0 is a dominant 
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character of P. If /: E/P E'/P' is the induced morphism, we know that /(9íp(€)) C 
mpi(E'), so that ~ L*^\yip(ey Since ¿*|5Hp(í) is nef, and /: 9íp(£)) ^ ÍHp/(€') 

is surjective, -^^/|fH^,(g/) is nef as well [14]. □ 



5. Another semistability criterion 

In this section we prove another semistabihty criterion, which states that a principal 
Higgs bundle € — {E, (f)) is semistable and C2(Ad(£')) = O if and only if the adjoint Higgs 
bundle Ad(€) is numerically fíat, in a sense that we introduced in [7]. This calis for a brief 
reminder of the notion of numerical eífectiveness for Higgs bundles (a notion that we shall 
cali "H-nefness" ) . Let us remark beforehand that our definition of H-nefness for Higgs 
bundles requires to consider Higgs bundles on singular schemes. For such spaces there is 
well-behaved theory of the de Rham complex [16] , which is all one needs to define Higgs 
bundles. 

Let X be a scheme over the complex numbers, and E a rank r vector bundle on X. For 
every positive integer s less than r, let Grs{E) denote the Grassmann bundle of rank s 
quotients of E, with projection ps : Gr s{E) — > X. There is a universal exact sequence of 
vector bundles on Grs(£') 

(1) O^Sr-s,E^P:{E)^Qs,E^O 

where Sr-s,E is the universal rank r — s subbundle and Qs,e is the universal rank s quotient 
bundle [15]. 

Given a Higgs bundle 6, we construct closed subschemes 6rs(6) C GiCs{E) parametr- 
izing rank s locally-free Higgs quotients (thesc are the counterparts in the vector bundle 
case of the schemes of Higgs reductions we have introduced previously). We define 0rs(€) 
as the closed subscheme of Gts{E) where the composed morphism 

(r^ (8) 1) o o -0 : Sr-s,E ^ Qs,e ® pH^x) 

vanishes. (This scheme has already been introduced by Simpson in a particular case, e.g., 
semistable Higgs bundles with vanishing Chern classes, cf. [23, Cor. 9.3].) We denote by 
Ps the projection Í5rs(€) X. The restriction of (1) to the scheme 0rs(€) provides the 
exact sequence of vector bundles 

(2) o^Sr-s,e^P:(<B)^Qs,e^O- 
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The Higgs morphism of € induces by pullback a Higgs morphism $: p*{^) —>■ p^(^) ® 
^0ts{(B)- Due to the condition (77 (g) 1) o o -0 = O which is satisfied on 0rs(6), the 
morphism $ sends Srs,^ to S'r-s.c ® ^©rs(c)- As a result, Sr-s,i¿ is a Higgs subbundle of 
p*((£), and the quotient Qs.e has a structure of Higgs bundle. Thus (2) is an exact sequence 
of Higgs bundles. 

We recall from [7] the notion of H-nef Higgs bundle. 

Definition 5.1. A Higgs bundle S of rank one is said to be Higgs-numerically effective 
(for short, H-nef) if it is numerically effective in the usual sense. Ifrk(B>2 we require 
that: 

(i) all bundles Qs,<£ are Higgs-nef; 

(ii) the Une bundle det(£') is nef. 

If hoth (£ and (H* are Higgs-numerically effective, € is said to be Higgs-numerically fíat 
(H-nfiat). 

We are now in position to state and prove the additional semistabihty criterion we 
promised. 

Theorem 5.2. Let (S be a principal Higgs bundle <E = {E, 0) on a polarized smooth complex 
projective variety X . The following conditions are equivalent. 

(i) (£ is semistable and C2{Ad{E)) = O in H^{X,R); 

(ii) the adjoint Higgs bundle Ad(í) is H-nflat. 

Proof. At first we prove this theorem when X is a curve. In this case the claim is the 
following: € is semistable if and only if Ad(í) is H-nflat. In view of Lemma 4.3, this 
amounts to proving that Ad(€) is semistable if and only if it is H-nflat. Since ci{Ká{E)) = O 
this holds true ([7], CoroUaries 3.4 and 3.6). 

Let US assume now that dim(X) > 1. If condition (i) holds, then is semistable for 
any embedded curve C (as usual, if C is not smooth one replaces it with its normalization) . 
Thus Ad((S)|c; is semistable, henee H-nflat. But this implies that Ad(€) is H-nflat as well. 

Conversely, if Ad(€) is H-nñat, then it is semistable (see [7]), so that € is semistable. 
Moreover, all Chern classes of H-nflat Higgs bundles vanish, so that C2{P^d{E)) = 0. □ 

Remark 5.3. This characterization shows that the numerically flat principal G-bundles 
deflned in [6] for semisimple structure groups G are no more than the class of principal 
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bundles singled out by one of the equivalent conditions of Theorem 4.6 (cf. [6, Thm. 2.5]). 
A 

6. SOME Tannakian considerations 

In this section we place our main Theorem 4.6 into the framework of Tannakian cate- 
gories. We recall (see e.g. [11]) that a neutral Tannakian category T over a field k is a 
rigid abelian (associative and commutative) k-linear tensor category such that 

(i) for every unit object 1 in T, the endomorphism space End(l) is isomorphic to k; 

(ii) there is an exact faithful functor cu: T ^ Vectt, called a fibre functor. 

Here Vectk is the category of vector spaces over k. The standard example of a neutral 
Tannakian category is the category Rep(G')k of k-linear representations of an afñne group 
scheme G. Indeed, any neutral Tannakian category can be represented as Rep(G)k where 
G is the automorphism group of the fibre functor cu. Let 6 be a principal Higgs G-bundle 
on a (say) complex projective manifold X. For any finite-dimensional linear representation 
p: G ^ Aut(l^) let W — (B XpW he the associated Higgs vector bundle. This corre- 
spondence defines a G-torsor on the category Higgs of Higgs vector bundles on X, i.e., 
a faithful and exact functor € : Rep(G')k — > Higgs^ [22]. In general, this is not always 
compatible with semistability, i.e., (B{p, W) is not always semistable even when € is. In 
order to have that, we need to impose some conditions. For instance, we may assume that 
every representation p: G — > Aut(l^) maps the connected component of the centre of G 
containing the identity to the centre of Aut(VF) (this happens e.g. when G is semisimple). 
When this is true, we say that G is central. 

Let Higgs^ be the fuU subcategory of Higgs^ whose objects 2IÍ satisfy A(2IJ) = O and 
are semistable. Since 

A{V ®W)^ Tk{W)/\{V) + Tk{V)A{W) , 

and the tensor product of semistable Higgs bundles is semistable [22], it is a tensor category. 
However, it is not additive but only preadditive. Let Higgs^'^ be its additive completion 
(see e.g. [13]). We may now prove the foUowing characterization. 

Proposition 6.1. Assume that G is central. There is one-to-one correspondence between 
principal Higgs G-hundles € satisfying one of the conditions of Theorem 4-6 and G-torsors 
on the category Higgs^ taking valúes in Higgs^'"*". 
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Proof. Given a principal Higgs G-bundle (H and a representation p: G ^ Aut(l^) the 
associated Higgs vector bundle 2íJ is semistable and satisfies A (SU) — O since A (SU) is a 
múltiple of C2{Ad{E)). Conversely, given a C-torsor on Higgs^'"^, one builds a principal 
Higgs G-bundle € as in [22, Ch. 6]. We prove that 6 is semistable. If 2H is an associated 
Higgs vector bundle via a faithful representation, Ad(í) is a Higgs subbundle of End(2IÍ). 
If 2íJ is semistable, since ci(Ad(€)) = ci(End(2IJ)) — O the bundle Ad(í) is semistable, 
so that € is semistable as well. To prove C2(Ad(£')) = O it is enough to choose for p the 
adjoint representation. □ 



References 

[1] B. Anchouche, H. Azad and I. Biswas, Holomorphic principal bundles over a compact Kahler 

manifold, C. R. Acad. Sci. Paris. Sér. I 330 (2000), 109-114. 
[2] B. Anchouche and I. Biswas, Einstein-Hermitian connections on polystable principal bundles over 

a compact Kahler mMuifold, Amer. J. Math. 123 (2001), 207-228. 
[3] V. Balaji and C. S. Seshadri, Semistable principal bundles. I. Characteristic zero, 3. Algebra, 

258 (2002), 321-347. 

[4] I. Biswas and U. Bruzzo, On semistable principal bundles over a complex projective manifold, Int. 

Math. Res. Not. Vol. 2008, Article ID rnn035. 
[5] I. Biswas and G. Schumacher, Numerical effectiveness and principal bundles on Kahler manifolds. 

Preprint, 2005. 

[6] I. Biswas and S. Subramanian, Numerically flat principal bundles, Tóhoku Math. J. 57 (2005), 
53-63. 

[7] U. Bruzzo and B. Grana Otero, Numerically flat Higgs vector bundles, Commun. Contemp. 
Math. 9 (2007), 437-446. 

[8] , Metrics on semistable and numerically effective Higgs bundles, J. reine ang. Math. 612 (2007), 

59-79. 

[9] U. Bruzzo and D. Hernández Ruipérez, Semistability vs. nefness for (Higgs) vector bundles, 
Diff. Geom. Appl. 24 (2006), 403-416. 

[10] F. Campana and T. Peternell, Projective manifolds whose tangent bundles are numerically ef- 
fective, Math. Ann. 289 (1991), 169-187. 

[11] P. Deligne and J. S. Milne, Tannakian categories, in "Hodge cycles, motives and Shimura vari- 
eties," Lect. Notes Math. 900, Springer-Verlag, BerHn 1982. pp. 101-228. 

[12] J.-P. Demailly, T. Peternell, and M. Schneider, Compact complex manifolds with numerically 
effective tangent bundles, J. Algébrale Geom., 3 (1994), pp. 295-345. 

[13] P. Freyd, Abelian categories. An introduction to the theory of functors, Harper's Series in Modern 
Mathematics, Harper & Row Publishers, New York 1964. 

[14] T. FUJITA, Semipositive Une bundles, J. Fac. Sci. Univ. Tokyo Sect. lA Math., 30 (1983), 353-378. 



SEMISTABLE PRINCIPAL HIGGS BUNDLES 



15 



[15] W. FuLTON, Intersection theory, Ergebnisse der Mathematik und ihrer Grenzgebiete, Springer-Verlag, 
Berlín, 1998. 

[16] A. Grothendieck, Eléments de géométrie algébrique. IV. Etude lócale des schémas et des mor- 
phismes de schémas, Inst. Hautes Études Sci. Publ. Math., 32 (1967), p. 361 (Par. 16.6). 

[17] Y. MiYAOKA, The Chern classes and Kodaira dimensión of a minimal variety, in Algébrale geometry, 
Sendai, 1985, vol. 10 of Adv. Stud. Puré Math., North-HoUand, Amsterdam, 1987, pp. 449-476. 

[18] S. Ramanan and a. Ramanathan, Some remarks on the instability flag, Tohoku Math. J. 36 
(1984) 269-291. 

[19] A. Ramanathan, Stable principal bundles on a compact Riemann surface, Math. Ann. 213 (1975), 
129-152. 

[20] , Moduli for principal bundles over algebraic curves. I, Proc. Indian Acad. Sci. Math. Sci. 106 

(1996), 301-328. 

[21] A. Ramanathan and S. Subramanian, Einstein-Hermitian connections on principal bundles and 

stability, J. reine ang. Math. 390 (1988), 21-31. 
[22] C. SiMPSON, Higgs bundles and local systems, Inst. Hautes Études Sci. Publ. Math., 75 (1992), 5-95. 

[23] , Moduli of representations of the fundamental group of a smooth projective variety II, Inst. 

Hautes Études Sci. Publ. Math., 80 (1994), 5-79. 



